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NECESSARY CONDITIONS FOR REVERSED DICKSON
POLYNOMIALS OF THE SECOND KIND TO BE PERMUTATIONAL
SHAOFANG HONG AND XIAOER QIN
MATHEMATICAL COLLEGE, SICHUAN UNIVERSITY, CHENGDU 610064, P.R. CHINA
Abstract. In this paper, we present several necessary conditions for the reversed
Dickson polynomial En(1, x) of the second kind to be a permutation of Fq. In par-
ticular, we give explicit evaluation of the sum
∑
a∈Fq
En(1, a).
1. Introduction
Let p be a prime and Fq be a finite field of q = p
e elements, where e is a positive
integer. Associated to any integer n ≥ 0 and a parameter a ∈ Fq, the n-th Dickson
polynomials of the first kind and of the second kind, denoted by Dn(x, a) and En(x, a),
are defined by
Dn(x, a) :=
[n2 ]∑
i=0
n
n− i
(
n− i
i
)
(−a)ixn−2i
and
En(x, a) :=
[n2 ]∑
i=0
(
n− i
i
)
(−a)ixn−2i,
respectively. Recently, Wang and Yucas [5] further defined the n-th Dickson polynomial
of the (k + 1)-th kind Dn,k(x, a) ∈ Fq[x] by
Dn,k(x, a) :=
[n2 ]∑
i=0
n− ki
n− i
(
n− i
i
)
(−a)ixn−2i.
On the other hand, Hou, Mullen, Sellers and Yucas [3] introduced the definition of the
reversed Dickson polynomial of the first kind, denoted by Dn(a, x), as follows
Dn(a, x) :=
[n2 ]∑
i=0
n
n− i
(
n− i
i
)
(−x)ian−2i.
By extending the definition of reversed Dickson polynomials, Wang and Yucas [5] got the
definition of the n-th reversed Dickson polynomial of the (k+1)-th kindDn,k(a, x) ∈ Fq[x],
which is defined by
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Dn,k(a, x) :=
[n2 ]∑
i=0
n− ki
n− i
(
n− i
i
)
(−x)ian−2i.
The permutation behavior of Dickson polynomials Dn(x, a) over finite fields are well
known: Dn(x, 0) = x
n is a permutation polynomial of Fq if and only if (n, q − 1) = 1,
and if a 6= 0, then Dn(x, a) induces a permutation of Fq if and only if (n, q2 − 1) = 1
(see [4], Theorem 7.16). Meanwhile, there are many results on permutation properties
of Dickson polynomial En(x, a) of the second kind, the readers can be referred to [1]. In
[5], Wang and Yucas studied the permutational behavior of Dickson polynomials of the
third kind Dn,2(x, 1). They obtained some necessary conditions for Dn,2(x, 1) to be a
permutation polynomial of Fq.
Hou, Mullen, Sellers and Yucas [3] studied the permutation properties of reversed
Dickson polynomial Dn(a, x) of the first kind. In fact, they showed that Dn(a, x) is
closely related to almost perfect nonlinear (APN) functions, and got several families of
permutation polynomials from reversed Dickson polynomials of the first kind. In [2], Hou
and Ly found several necessary conditions for reversed Dickson polynomials Dn(1, x) of
the first kind to be a permutation polynomial.
In this paper, we mainly investigate reversed Dickson polynomial of the second kind.
We denote by En(a, x) ∈ Fq[x] the reversed Dickson polynomial of the second kind, which
is defined by
En(a, x) :=
[n2 ]∑
i=0
(
n− i
i
)
(−x)ian−2i. (1.1)
For a 6= 0, we write x = y(a − y) with an indeterminate y 6= a2 . Then En(a, x) can be
rewritten as
En(a, x) =
yn+1 − (a− y)n+1
2y − a . (1.2)
We will emphasize on the permutation behavior of reversed Dickson polynomials En(a, x)
of the second kind over Fq. This paper is organized as follows. First in Section 2, we
study the properties of the reversed Dickson polynomial En(a, x) of the second kind.
Consequently, in Section 3, by introducing the polynomial fm(x) =
∑[m−12 ]
j=0
(
m
2j+1
)
xj , we
prove several necessary conditions for the reversed Dickson polynomial En(1, x) of the
second kind to be a permutation polynomial of Fq. It is well known that a function
f : Fq → Fq is a permutation polynomial of Fq if and only if∑
a∈Fq
f(a)i =
{
0, if 0 ≤ i ≤ q − 2,
−1, if i = q − 1.
Thus we would like to know if the sum
∑
a∈Fq
En(1, a)
i is computable. We are able
to treat with this sum when q is odd and i = 1. The final section is devoted to the
computation of the sum
∑
a∈Fq
En(1, a).
2. Reversed Dickson polynomials of the second kind
In this section, we mainly study properties of reversed Dickson polynomials of the
second kind. If a = 0, then
En(0, x) =
{
0, if n is odd,
(−x)k, if n = 2k, k is nonnegative integer.
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Hence En(0, x) is a PP (permutation polynomial) of Fq if and only n = 2k with (k, q−1) =
1. In what follows we assume that a ∈ F∗q . By a trivial fact that f(x) is a PP of Fq if and
only if cf(dx) is a PP of Fq for any given c, d ∈ F∗q , we can easily deduce the following
result.
Theorem 2.1. Let a, b ∈ F∗q. Then En(a, x) = a
n
bn
En
(
b, b
2
a2
x
)
. Furthermore, En(a, x) is
a PP of Fq if and only if En(1, x) is a PP of Fq.
Proof. First by the definition (1.1), we have
an
bn
En
(
b,
b2
a2
x
)
=
an
bn
[n2 ]∑
i=0
(
n− i
i
)(
− b
2
a2
x
)i
bn−2i
=
[n2 ]∑
i=0
(
n− i
i
)
(−x)ibn−2i
( b
a
)2i−n
= En(a, x).
So the first part is proved.
To show the second part, one notices that En(a, x) = a
nEn(1,
x
a2
). Since a ∈ F∗q , one
has an, 1
a2
∈ F∗q . It follows that En(a, x) is a PP of Fq if and only En(1, x) is a PP of Fq.
This concludes the proof of second part. Hence Theorem 2.1 is proved. 
By Theorem 2.1, it is easy to see that to study the permutation behavior of reversed
Dickson polynomial En(a, x) of the second kind, one needs only to consider that of
En(1, x). In the following, we list some basic facts about the reversed Dickson polynomial
En(1, x) of the second kind.
Theorem 2.2. Let p be an odd prime, n and r be positive integers. Each of the following
is true:
(1). We have En(1, x(1− x)) = x
n+1−(1−x)n+1
2x−1 if x 6= 12 and En(1, 14 ) = n+12n .
(2). If gcd(p, n) = 1, then Enpr−1(1, x) = (En−1(1, x))
pr (1− 4x) p
r
−1
2 .
(3). If n1 and n2 are positive integers such that n1 ≡ n2 (mod q2−1), then En1(1, x0) =
En2(1, x0) for any x0 ∈ Fq \ { 14}.
Proof. (1). Clearly, the first identity follows from (1.2). To prove the second one, we
notice that by (2.3) of [1] (see page 226 of [1]), we have En(2, 1) = n+ 1. But Theorem
2.1 tells us that En(2, 1) = 2
nEn(1,
1
4 ). Thus En(1,
1
4 ) =
n+1
2n as required.
(2). Writing x = y(1 − y) with y 6= 12 being an indeterminate gives us that 1 − 4x =
(2y − 1)2. So by part (1), one derives that
Enpr−1(1, x) = Enpr−1(1, y(1− y))
=
ynp
r − (1− y)npr
2y − 1
=
(yn − (1− y)n
2y − 1
)pr
(2y − 1)pr−1
=
(
En−1(1, y(1− y))
)pr
(2y − 1)pr−1
= En−1(1, x)
pr (1 − 4x) p
r
−1
2 .
Particularly, if x = 14 , then by part (1), we have
Enpr−1(1, x) = Enpr−1
(
1,
1
4
)
=
npr
2npr−1
= 0 = (En−1(1, x))
pr (1− 4x) p
r
−1
2
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as desired. Part (2) is proved.
(3). For each x0 ∈ Fq \ { 14}, one may write y0 ∈ Fq2 \ { 12} such that x0 = y0(1 − y0).
Thus
En1(1, x0) = En1(1, y0(1 − y0))
=
yn1+10 − (1− y0)n1+1
2y0 − 1
=
yn2+10 − (1− y0)n2+1
2y0 − 1
= En2(1, x0).
This ends the proof of Theorem 2.2. 
Remark. When p = 2, we have
En(1, x(1 − x)) = xn+1 + (1− x)n+1 = Dn+1(1, x(1− x)).
In [3], Hou et al. discussed some connections between reversed Dickson PPs of Fq and
APN functions of Fq, and obtained several families of reversed Dickson PPs. Throughout
the reminder of this article, unless specified, p is always assumed to be an odd prime.
By [5], we know that En(x, a) = xEn−1(x, a)−aEn−2(x, a) holds for any integer n ≥ 2.
Regarding En(1, x), we have the following result.
Proposition 2.1. Let p be an odd prime and n ≥ 2 be an integer. Then En(1, x) =
En−1(1, x)− xEn−2(1, x).
Proof. First we consider the case x 6= 14 . For this case, one may let x = y(1− y) with y
being an indeterminate and y 6= 12 . Then by Theorem 2.2 (1), we have
En−1(1, y(1− y))− y(1− y)En−2(1, y(1− y))
=
yn − (1− y)n
2y − 1 − y(1− y)
yn−1 − (1− y)n−1
2y − 1
=
yn − (1− y)n
2y − 1 −
yn(1− y)− y(1− y)n
2y − 1
=
yn+1 − (1− y)n+1
2y − 1 = En(1, y(1− y)).
For the case x = 14 , by Theorem 2.2 (1), we infer that
En−1
(
1,
1
4
)
− 1
4
En−2
(
1,
1
4
)
=
n
2n−1
− n− 1
2n
=
n+ 1
2n
= En
(
1,
1
4
)
.
Thus Proposition 2.2 is proved. 
Using this recursion, we can obtain the generating function of the reversed Dickson
polynomial En(1, x) of the second kind as follows.
Proposition 2.2. The generating function of En(1, x) is given by:
∞∑
n=0
En(1, x)t
n =
1
1− t+ xt2 .
Proof. By Proposition 2.1, we have
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(1− t+ xt2)
∞∑
n=0
En(1, x)t
n
=
∞∑
n=0
En(1, x)t
n −
∞∑
n=0
En(1, x)t
n+1 + x
∞∑
n=0
En(1, x)t
n+2
= 1 + t− t+
∞∑
n=0
(En+2(1, x)− En+1(1, x) + xEn(1, x))tn+2 = 1.
Thus the desired result follows immediately. 
In the following, by using the reversed Dickson polynomial En(1, x) of the second kind,
we obtain some PPs of Fq.
Proposition 2.3. Let p be an odd prime and k be a positive integer. Then we have
Epk−1(1, x) = (1− 4x)
pk−1
2 .
Proof. First putting x = y(1− y) with an indeterminate y 6= 12 . By Theorem 2.2 (1), one
has
Epk−1(1, x) = Epk−1(1, y(1− y)) =
yp
k − (1− y)pk
2y − 1 =
(2y − 1)pk
2y − 1
= (2y − 1)pk−1 = [(2y − 1)2] p
k
−1
2 = [−4y(1− y) + 1] p
k
−1
2 = (−4x+ 1) p
k
−1
2 .
Also Theorem 2.2 (1) implies that
Epk−1
(
1,
1
4
)
=
pk
2pk−1
= 0 =
(
1− 4× 1
4
) pk−1
2
as one desires. 
Lemma 2.1. [4] Each of the following is true:
(1). Every linear polynomial over Fq is a PP of Fq.
(2). The monomial xn is a PP of Fq if and only if (n, q − 1) = 1.
By Proposition 2.3 and Lemma 2.1, the following result follows immediately.
Corollary 2.1. Let p be an odd prime and q = pe. Let e and k be positive integers with
1 ≤ k ≤ e. Then Epk−1(1, x) is a PP of Fq if and only if (p
k−1
2 , q − 1) = 1.
Lemma 2.2. [3] Let x ∈ Fq2 . Then x(1 − x) ∈ Fq if and only if xq = x or xq = 1− x.
We define
V := {x ∈ Fq2 : xq = 1− x}.
Then Fq ∩ V = { 12}. We can now give a characterization for En(1, x) to be a PP.
Theorem 2.3. Let p be an odd prime and f : y 7→ yn+1−(1−y)n+12y−1 be a mapping on
(Fq ∪ V ) \ { 12}. Then En(1, x) is a PP of Fq if and only if f is 2-to-1 and f(y) 6= n+12n
for any y ∈ (Fq ∪ V ) \ { 12}.
Proof. First to show the sufficiency part, we choose two elements x1 and x2 ∈ Fq satis-
fying that En(1, x1) = En(1, x2). Since x1, x2 ∈ Fq, there exist y1, y2 ∈ Fq2 such that
x1 = y1(1− y1) and x2 = y2(1− y2). Then by Lemma 2.2, we know that y1, y2 ∈ Fq ∪ V .
Consider the following cases.
Case 1. Exactly one of x1 and x2 is equal to
1
4 . Without loss of any generality, one
may let x1 =
1
4 . Then y1 =
1
2 . Since En(1, x1) = En(1, x2), it follows from Theorem 2.2
(1) that En(1, x2) = En(1,
1
4 ) =
n+1
2n . Claim that x2 =
1
4 . Otherwise, we have x2 6= 14 .
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It follows that y2 6= 12 . Since f(y) 6= n+12n for any y ∈ (Fq ∪ V ) \ { 12}, by Theorem 2.2 (1)
we derive that
En(1, x2) = En(1, y2(1− y2) = y
n+1
2 − (1 − y2)n+1
2y2 − 1 = f(y2) 6=
n+ 1
2n
,
which arrives at a contradiction. Hence we must have x2 =
1
4 . The claim is proved. Now
by the claim, one has x1 = x2.
Case 2. x1 6= 14 and x2 6= 14 . Since En(1, x1) = En(1, x2), we have f(y1) = f(y2).
Since f is a 2-to-1 mapping on (Fq ∪ V ) \ { 12}, it follows that y1 = y2 or y1 = 1 − y2.
This implies that x1 = x2. Hence En(1, x) is a PP of Fq. Therefore the sufficiency part
is proved.
Let us now prove the necessity part. Assume that En(1, x) is a PP of Fq. We choose
two elements y1, y2 ∈ (Fq ∪ V ) \ { 12} such that f(y1) = f(y2), namely,
yn+11 − (1 − y1)n+1
2y1 − 1 =
yn+12 − (1 − y2)n+1
2y2 − 1 . (2.1)
Since y1, y2 ∈ (Fq ∪V ) \ { 12}, by Lemma 2.2 one has y1(1− y1) ∈ Fq and y2(1− y2) ∈ Fq.
Then by Theorem 2.2 (1), (2.1) infers that
En(1, y1(1 − y1)) = En(1, y2(1− y2)).
But En(1, x) is a PP of Fq, we then have y1(1−y1) = y2(1−y2). Thus one can immediately
get that y1 = y2 or y1 = 1− y2. Thus f is a 2-to-1 mapping on (Fq ∪ V ) \ { 12}.
Finally, picking y ∈ (Fq ∪ V ) \ { 12}, it follows from Lemma 2.2 that y(1− y) ∈ Fq and
y(1− y) 6= 12 (1− 12 ). Since En(1, x) is a PP of Fq, it follows that
En(1, y(1− y)) 6= En
(
1,
1
2
(
1− 1
2
))
.
Note that En(1,
1
2 (1 − 12 )) = n+12n . Then by Theorem 2.2 (1) one has
yn+1 − (1− y)n+1
2y − 1 6=
n+ 1
2n
.
Thus f(y) 6= n+12n for any y ∈ (Fq ∪ V ) \ { 12}. The necessity part is proved.
This completes the proof of Theorem 2.3. 
3. Necessary conditions for En(1, x) to be permutational
In the present section, we study some necessary conditions on n for En(1, x) to be a
PP of Fq. Note that En(1, 0) = 1. By the following recursive relation

E0(1, 1) = 1,
E1(1, 1) = 1,
En+2(1, 1) = En+1(1, 1)− En(1, 1),
it follows that
E2(1, 1) = 0, E3(1, 1) = −1, E4(1, 1) = −1, E5(1, 1) = 0.
The sequence {En(1, 1) | n ∈ N} has period 6 and
En(1, 1) =


0, if n ≡ 2, 5 (mod 6);
1, if n ≡ 0, 1 (mod 6);
−1, if n ≡ 3, 4 (mod 6).
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Theorem 3.1. Assume that En(1, x) is a PP of Fq. If p = 2, then 3 | (n+1); If p is an
odd prime, then n 6≡ 0, 1(mod 6).
Proof. By comparing En(1, 0) with En(1, 1), we get the desired result immediately. 
Let m ≥ 0 be an integer. We define the polynomial fm(x) by
fm(x) :=
[m−12 ]∑
j=0
(
m
2j + 1
)
xj ∈ Z[x].
We have the following relation between fn+1(x) and En(1, x).
Theorem 3.2. Let p be an odd prime. Then En(1, x) =
1
2n fn+1(1 − 4x). Consequently,
En(1, x) is a PP of Fq if and only if fn+1(x) is a PP of Fq.
Proof. First we write x = y(1− y) with an indeterminate y 6= 12 . Let u = 2y − 1. Then
by Theorem 2.2 (1), we derive that
En(1, x) = En(1, y(1− y))
=
1
u
[yn+1 − (1− y)n+1]
=
1
u
[(1 + u
2
)n+1
−
(1− u
2
)n+1]
=
1
2n+1u
[
(1 + u)n+1 − (1− u)n+1]
=
1
2nu
[n2 ]∑
j=0
(
n+ 1
2j + 1
)
u2j+1
=
1
2n
[n2 ]∑
j=0
(
n+ 1
2j + 1
)
u2j
=
1
2n
fn+1(u
2)
=
1
2n
fn+1(1− 4y(1− y))
=
1
2n
fn+1(1− 4x).
Next let x = 14 . Then we obtain that
En(1, x) = En
(
1,
1
4
)
=
n+ 1
2n
=
1
2n
fn+1(0) =
1
2n
fn+1(1− 4x).
So the first part is proved.
Since 12n ∈ F∗q and 1− 4x is linear, we know that En(1, x) is a PP of Fq if and only if
fn+1(x) is a PP of Fq. The proof of Theorem 3.2 is complete. 
Using the the relation between fn+1(x) and En(1, x) is described in Theorem 3.2, we
can get the following results.
Theorem 3.3. Let p be an odd prime and m be a nonnegative integer with p 6 |(m+ 1).
If E2m+1(1, x) is a PP of Fq, then m is odd and (m, q − 1) = 1.
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Proof. We suppose that E2m+1(1, x) is a PP of Fq. Then it follows from Theorem 3.2 that
f2m+2(x) is a PP of Fq. So we can choose an element x0 ∈ Fq such that f2m+2(x0) = 0.
Since f2m+2(0) = 2m+ 2 6= 0 and f2m+2(x) is a PP of Fq, we deduce that x0 6= 0.
On the other hand, one can easily check that f2m+2(x) = x
mf2m+2(x
−1). Namely,
f2m+2(x) is a self-reciprocal polynomial. Then by f2m+2(x0) = 0 and x0 6= 0, we have
that f2m+2(x0) = f2m+2(x
−1
0 ) = 0. Since f2m+2(x) is a PP of Fq, we derive that
x0 = x
−1
0 , i.e., x0 = ±1. But
f2m+2(1) =
m∑
j=0
(
2m+ 2
2j + 1
)
= 22m+1 6= 0.
Then x0 must equal −1. Thus we have
0 = f2m+2(−1) =
∑
j≡1 (mod 4)
(
2m+ 2
j
)
−
∑
j≡3 (mod 4)
(
2m+ 2
j
)
=
1
2
[
i(1− i)2m+2 − i(1 + i)2m+2]
=
1
2
i
[
(
√
2e
−pii
4 )2m+2 − (
√
2e
pii
4 )2m+2
]
= 2mi
[
e
−(m+1)pii
2 − e (m+1)pii2 ].
It follows that e
−(m+1)pii
2 − e (m+1)pii2 = 0. Hence m+ 1 is even. In other words, m is odd.
Let us show that (m, q − 1) = 1. Assume that (m, q − 1) = d ≥ 3. Let θ ∈ F∗q satisfy
o(θ) = d, where o(θ) means the order of θ in F∗q. Since f2m+2(x) is self-reciprocal, one
has f2m+2(θ) = θ
mf2m+2(θ
−1) = f2m+2(θ
−1). But θ 6= θ−1, which contradicts with the
fact that f2m+2(x) is a PP of Fq. Thus (m, q − 1) = 1 as required.
This completes the proof of Theorem 3.3. 
The following lemmas are needed in the reminder of this section.
Lemma 3.1. Let p be an odd prime and q be the power of p. Let n ≥ 1 be an integer
with n ≡ 1 (mod 4). Then (n+ 1, q − 1)(n+ 1, q + 1) = 2(n+ 1, q2 − 1).
Proof. Since q is odd and n ≡ 1 (mod 4), we have (n+1, q−1, q+1) = 2. Let (n+1, q−
1) = 2d1 and (n+ 1, q + 1) = 2d2. Then d1 and d2 are two odd integer, (d1, d2) = 1 and
n+1 = 2d1d2l for some positive integer l. Since n ≡ 1 (mod 4), it follows that n+1 ≡ 2
(mod 4) and (l, 2) = 1. Let q− 1 = 2d1u1 and q+1 = 2d2u2. Then one can deduce that
(d2l, u1) = 1 and (d1l, u2) = 1. It implies that (l, u1) = (l, u2) = 1. Thus (l, 2u1u2) = 1.
It then follows that
(n+ 1, q − 1)(n+ 1, q + 1) = 4d1d2 = 4d1d2(l, 2u1u2)
= 2(2d1d2l, 4d1d2u1u2) = 2(n+ 1, q
2 − 1)
as desired. Lemma 3.1 is proved. 
Lemma 3.2. [2] Let θ 6∈ {0, 1} be in some extension of Fq and let y = θ+1θ−1 . Then
y2 ∈ Fq if and only if θq+1 = 1 or θq−1 = 1.
Theorem 3.4. Let p > 3 be an odd prime and n ≥ 0 be an integer with 3 | (n+ 1) and
n ≡ 1 (mod 4). If En(1, x) is a PP of Fq, then (n+ 1, q2 − 1) = 6.
Proof. Since p > 3, we get that q ≡ 1 or 2 (mod 3). Thus 3 | (q + 1) or 3 | (q − 1).
Namely, 3 divides q2 − 1. Since n + 1 is divisible by 3, we get that 3 | (n + 1, q2 − 1).
NECESSARY CONDITIONS FOR RDPS TO BE PERMUTATIONAL 9
But p and n are odd integers, we deduce that 2 | (n+ 1, q2− 1). Thus 6 | (n+1, q2 − 1).
That is, (n+ 1, q2 − 1) ≥ 6. In what follows we show that (n+ 1, q2 − 1) = 6.
Assume that (n+ 1, q2 − 1) > 6. Writing
E := {θ ∈ F∗q2 : θ 6= 1, θ(n+1,q+1) = 1 or θ(n+1,q−1) = 1}
gives us that
|E| = (n+ 1, q + 1) + (n+ 1, q − 1)− 3.
Then it follows from Lemma 3.1 and the assumption (n+ 1, q2 − 1) > 6 that
(n+ 1, q − 1)(n+ 1, q + 1) = 2(n+ 1, q2 − 1) > 12.
From this inequality one can derive that |E| > 4.
We take three distinct elements θ1, θ2, θ3 ∈ E. Let i be an integer with 1 ≤ i ≤ 3.
Then θq+1i = 1 or θ
q−1
i = 1. Let yi =
θi+1
θi−1
. It follows from Lemma 3.2 that y2i ∈ Fq. Since
yi =
θi+1
θi−1
, we have yi+1
yi−1
= θi. Thus (
yi+1
yi−1
)n+1 = 1. Namely, (yi + 1)
n+1 = (yi − 1)n+1.
So by
fn+1(y
2
i ) =
1
2yi
[(1 + yi)
n+1 − (1− yi)n+1],
we deduce that fn+1(y
2
i ) = 0. Since θ1, θ2, θ3 ∈ E are distinct, it is easy to check that
y1, y2 and y3 are distinct. Thus at least two of y
2
1 , y
2
2 and y
2
3 are distinct. But
fn+1(y
2
1) = fn+1(y
2
2) = fn+1(y
2
3) = 0.
Hence fn+1(x) is not a PP of Fq. By Theorem 3.2, one derives that En(1, x) is not a PP
of Fq. This is a contradiction. Thus (n+ 1, q
2 − 1) = 6 as desired.
The proof of Theorem 3.4 is complete. 
Theorem 3.5. Let p > 3 be an odd prime and n ≥ 0 be an integer with 3 6 |(n+ 1) and
n ≡ 1 (mod 4). If En(1, x) is a PP of Fq, then (n+ 1, q2 − 1) = 2.
Proof. Since 3 does not divide n + 1, we have 2|(n + 1, q2 − 1). Let us show that
(n+ 1, q2 − 1) = 2. Assume that (n+ 1, q2 − 1) > 2. Then (n+ 1, q2 − 1) ≥ 6. Let
E := {θ ∈ F∗q2 : θ 6= 1, θ(n+1,q+1) = 1 or θ(n+1,q−1) = 1}.
Then
|E| = (n+ 1, q + 1) + (n+ 1, q − 1)− 3.
By Lemma 3.1, one has
(n+ 1, q − 1)(n+ 1, q + 1) = 2(n+ 1, q2 − 1) ≥ 12.
Then one derives that |E| ≥ 4. Then in the similar way as in the proof of Theorem 3.4, we
can show that fn+1(x) is not a PP of Fq. Then by Theorem 3.2 we obtain that En(1, x)
is not a PP of Fq, which is a contradiction. We then conclude that (n+ 1, q
2 − 1) = 2.
This ends the proof of Theorem 3.5. 
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4. Computation of
∑
a∈Fq
En(1, a)
In this section, we compute the sum
∑
a∈Fq
En(1, a). By Proposition 2.2, we have∑
n≥0
En(1, x)t
n =
1
1− t+ xt2
=
1
1− t
1
1− t2x
t−1
=
1
1− t
∑
k≥0
( t2
t− 1
)k
xk
=
1
1− t
[
1 +
q−1∑
k=1
∑
l≥0
( t2
t− 1
)k+l(q−1)
xk+l(q−1)
]
≡ 1
1− t
[
1 +
q−1∑
k=1
∑
l≥0
( t2
t− 1
)k+l(q−1)
xk
]
(mod xq − x)
=
1
1− t
[
1 +
q−1∑
k=1
(
t2
t−1
)k
1− ( t2
t−1
)q−1 xk]
=
1
1− t
[
1 +
q−1∑
k=1
(t− 1)q−1−kt2k
(t− 1)q−1 − t2(q−1) x
k
]
. (4.1)
On the other hand, by Theorem 2.2 (3), we know that if n1 ≡ n2 (mod q2 − 1), then
En1(1, x) = En2(1, x) for any x ∈ Fq \ { 14}. It then follows that
∑
n≥0
En(1, x)t
n = 1 +
q2−1∑
n=1
∑
l≥0
En+l(q2−1)(1, x)t
n+l(q2−1)
≡ 1 +
q2−1∑
n=1
En(1, x)
∑
l≥0
tn+l(q
2−1) (mod xq − x)
= 1 +
1
1− tq2−1
q2−1∑
n=1
En(1, x)t
n. (4.2)
Now (4.1) together with (4.2) implies that
q2−1∑
n=1
En(1, x)t
n
≡ (1− tq2−1)
( 1
1− t − 1
)
+
1− tq2−1
1− t
q−1∑
k=1
(t− 1)q−1−kt2k
(t− 1)q−1 − t2(q−1) x
k (mod xq − x)
=
t(1− tq2−1)
1− t + h(t)
q−1∑
k=1
(t− 1)q−1−kt2kxk, (4.3)
where
h(t) :=
tq
2−1 − 1
(t− 1)q − (t− 1)t2(q−1) .
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We need the following well-known result.
Lemma 4.1. [4] Let u0, u1, ..., uq−1 be the all elements of Fq. Then
q−1∑
i=0
uki =
{
0, if 0 ≤ k ≤ q − 2;
−1, if k = q − 1.
Then by Lemma 4.1 and (4.3), we obtain that
q2−1∑
n=1
( ∑
a∈Fq
En(1, a)
)
tn
=
q2−1∑
n=1
En
(
1,
1
4
)
tn +
q2−1∑
n=1
( ∑
a∈Fq\{
1
4 }
En(1, a)
)
tn
=
q2−1∑
n=1
En
(
1,
1
4
)
tn +
∑
a∈Fq\{
1
4}
q2−1∑
n=1
En(1, a)t
n
=
q2−1∑
n=1
n+ 1
2n
tn +
∑
a∈Fq\{
1
4 }
t(1 − tq2−1)
1− t + h(t)
q−1∑
k=1
(t− 1)q−1−kt2k
∑
a∈Fq\{
1
4}
ak
=
q2−1∑
n=1
n+ 1
2n
tn + (q − 1) t(1− t
q2−1)
1− t + h(t)
q−1∑
k=1
(t− 1)q−1−kt2k
∑
a∈Fq
ak
− h(t)
q−1∑
k=1
(t− 1)q−1−kt2k
(1
4
)k
=
q2−1∑
n=1
n+ 1
2n
tn − t(1− t
q2−1)
1− t − h(t)t
2(q−1) − h(t)
q−1∑
k=1
(t− 1)q−1−kt2k
(1
4
)k
. (4.4)
However, we have
h(t) =
tq
2−1 − 1
(1− tq−1)(tq − tq−1 − 1) =
tq
2 − t
(t− tq)(tq − tq−1 − 1) :=
∑q2−q
i=0 bit
i
tq − tq−1 − 1 . (4.5)
Evidently,
∑q2−q
i=0 bit
i = −1− (t− tq)q−1. Then the binomial expansion theorem applied
to (t− tq)q−1 gives us the following result.
Proposition 4.1. For 0 ≤ i ≤ q2 − q, write i = α+ βq with 0 ≤ α, β ≤ q − 1. Then
bi =


(−1)β+1(q−1
β
)
, if α+ β = q − 1;
−1, if α = β = 0;
0, otherwise .
Let an :=
∑
a∈Fq
En(1, a) for 1 ≤ n ≤ q2 − 1. Then by (4.4) and (4.5), we arrive at
q2−1∑
n=1
(
an− n+ 1
2n
)
tn = − t(1− t
q2−1)
1− t −
∑q2−q
i=0 bit
i
tq − tq−1 − 1
(
t2(q−1)+
q−1∑
k=1
(t−1)q−1−kt2k
(1
4
)k)
.
It infers that
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(tq − tq−1 − 1)
q2−1∑
n=1
(
an − n+ 1
2n
)
tn
= (1− tq + tq−1)
q2−1∑
i=1
ti −
(
t2(q−1) +
q−1∑
k=1
(t− 1)q−1−kt2k(1
4
)k)( q2−q∑
i=0
bit
i
)
. (4.6)
We let
∑q2+q−1
i=1 cit
i denote the right-hand side of (4.6) and write dn := an − n+12n for
integer n with 1 ≤ n ≤ q2 − 1. Then (4.6) tells us that
(tq − tq−1 − 1)
q2−1∑
n=1
dnt
n =
q2+q−1∑
i=1
cit
i. (4.7)
By comparing the coefficient of ti with 1 ≤ i ≤ q2 + q − 1 in both sides of (4.7), one
obtains the following recursive relations:

cj = −dj , if 1 ≤ j ≤ q − 1;
cq = −d1 − dq;
cq+j = dj − dj+1 − dq+j , if 1 ≤ j ≤ q2 − q − 1;
cq2+j = dq2−q+j − dq2−q+j+1, if 0 ≤ j ≤ q − 2;
cq2+q−1 = dq2−1.
It then follows that

dj = −cj , if 1 ≤ j ≤ q − 1;
dq = c1 − cq;
dlq+j = d(l−1)q+j − d(l−1)q+j+1 − clq+j , if 1 ≤ l ≤ q − 2 and 1 ≤ j ≤ q − 1;
dlq = d(l−1)q − d(l−1)q+1 − clq, if 2 ≤ l ≤ q − 2;
dq2−q+j =
∑q−1
i=j cq2+i, if 0 ≤ j ≤ q − 1.
(4.8)
One can now give the main result of this section as the conclusion of this paper.
Theorem 4.1. Let ci be given as above for 1 ≤ i ≤ q2+q−1. Then each of the following
is true:∑
a∈Fq
Ej(1, a) = −cj + j + 1
2j
if 1 ≤ j ≤ q − 1;
∑
a∈Fq
Eq(1, a) = c1 − cq + 1
2q
;
∑
a∈Fq
Elq+j(1, a) =
∑
a∈Fq
E(l−1)q+j(1, a)−
∑
a∈Fq
E(l−1)q+j+1(1, a)− clq+j −
2q−1j − j − 1
2lq+j
if 1 ≤ l ≤ q − 2 and 1 ≤ j ≤ q − 1;∑
a∈Fq
Elq(1, a) =
∑
a∈Fq
E(l−1)q(1, a)−
∑
a∈Fq
E(l−1)q+1(1, a)− clq +
1
2lq
if 2 ≤ l ≤ q − 2;
∑
a∈Fq
Eq2−q+j(1, a) =
q−1∑
i=j
cq2+i +
j + 1
2q2−q+j
if 0 ≤ j ≤ q − 1.
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Proof. Since
∑
a∈Fq
En(1, a) = dn+
n+1
2n , then by (4.8), Theorem 4.1 follows immediately.

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